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The HLL method for solving the Riemann
problem in compressible two-velocity media∗

G.S. Vasiliev

Abstract. The paper considers a system of equations of motion of a two-phase
medium with phase equilibrium in terms of pressure and temperature. The spec-
tral analysis of the system was carried out for a one-dimensional case. Approximate
numerical solutions of the Riemann problem about the decay of an arbitrary discon-
tinuity were constructed using the HLL method, using the calculated characteristic
values. A comparison with a single-phase analog of the system is made.
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1. Introduction

Mathematical models of heterophase multicomponent media are widely used
to describe non-stationary processes in technological and natural systems.
Models of two-velocity media allow investigating the mechanics of porous
materials, granular media, mixtures of immiscible liquids, bubbly and boil-
ing liquids, hydrothermal flows, unconsolidated mixtures, fluid-magmatic
flows containing xenoliths. To implement such tasks, various methods for
solving systems of nonlinear differential equations have been proposed: the
Hirota bilinear method [1], the inverse scattering method [2], the Backlund
transformation [3] or the Darboux transformation [4], the truncated Painleve
expansion [5], the group analysis method [6], the balance method [7], varia-
tional iteration method [8], semi-inverse method [9].

In the case when a hyperbolic system of equations is reduced to a sym-
metric form, it seems possible to study the behavior of the system on dis-
continuous solutions, including those for problems with shock waves and
contact discontinuities.

The exact solution of the discontinuity decay problem for heterophase
media can lead to labor-consuming calculations; therefore, methods based on
the approximate solution of the Riemann problem have become widespread.

In [10], the entropy analysis of schemes of this class was carried out, such
as LxF (Lax-Friedrichs) [11], Rusanova [12], HLL (Harten, Lax, Leer) [13],
Roe [14], EO (Engquist-Osher) [15], HLLC (Toro, Spruce, Speares) [16].

In [17], the HLL method was used to solve the Riemann problem about
the decay of an arbitrary discontinuity for a system of differential equations

∗The work was carried out according to the state order of the IGM SB RAS.
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of motion of a single-phase ideal fluid. To study the motion of two-phase
media, the HLL method was used in [18–20].

In this paper, the Riemann problem of the discontinuity decay is studied
for a two-phase medium under the assumption that the pressures and tem-
peratures in the phases are equal. An approximate solution to a two-phase
problem is verified by solving a single-phase problem.

2. Mathematical model

A heterophase medium is understood as a continuous medium, whose ele-
mentary volume consists of several (in the case in question, two) phases with
different physical parameters.

The system of nonlinear equations of motion of a two-phase medium
with one pressure was obtained in [21], following the general principles of
the continuum mechanics. In the dissipative case, neglecting the processes
of thermal conductivity and bulk viscosity, the system of equations has the
form

∂ρ1
∂t

+ ∂i(ρ1u1,i) = 0, (2.1)

∂ρ2
∂t

+ ∂i(ρ2u2,i) = 0. (2.2)

∂u1,i
∂t

+u1,k∂ku1,i = −1

ρ
∂ip−

ρ2
2ρ
∂i(u1,k−u2,k)2− b

ρ2
ρ1

(u1,i−u2,i) +
η1
ρ1

∆u1,i.

(2.3)
∂u2,i
∂t

+u2,k∂ku2,i = −1

ρ
∂ip+

ρ1
2ρ
∂i(u1,k−u2,k)2+b(u1,i−u2,i)+

η2
ρ2

∆u2,i, (2.4)

∂S

∂t
+ ∂i

(
S

ρ
(ρ1u1,i + ρ2u2,i)

)
=
R

T
, (2.5)

where ρ1, ρ2 are the partial densities of the phases of the two-phase medium,
u1, u2 are the velocity fields of the phases of the two-phase medium, S is
the entropy of a two-phase medium per unit volume, p is the pressure, T is
the temperature, b is the interphase friction coefficient, η1, η2 are the shear
viscosities of the phases of a two-phase medium. The dissipative function R
has the form

R = bρ2(u1,i − u2,i)2 + η1(∂ku1,i)
2 + η2(∂ku2,i)

2.

The system of equations (2.1)–(2.5) is closed by the equations of state,
which under the assumption of phase equilibrium with respect to pressure
and temperature look like:

p = p(ρ, (u1 − u2)
2, S), T = T (ρ, (u1 − u2)

2, S).
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As a consequence of system (2.1)–(2.5), we have the energy conservation
law

∂E

∂t
+ ∂k

(
p+ E

ρ
(ρ1u1,k + ρ2u2,k) +

ρ1ρ2
ρ

u1,i(u1,i − u2,i)(u1,k − u2,k)
)
−

∂k(η11u1,i∂ku1,i + η22u2,i∂ku2,i) = 0.

In the one-dimensional case let us reduce the system of two-velocity
hydrodynamics (2.1)–(2.5) to a divergent form.

System (2.1)–(2.5) in the one-dimensional non-dissipative case takes the
following form

∂ρ1
∂t

+
∂

∂x
(ρ1u1) = 0, (2.6)

∂ρ2
∂t

+
∂

∂x
(ρ2u2) = 0, (2.7)

∂u1
∂t

+ u1
∂u1
∂x

= −1

ρ

∂p

∂x
− ρ2

2ρ

∂(u1 − u2)2

∂x
, (2.8)

∂u2
∂t

+ u2
∂u2
∂x

= −1

ρ

∂p

∂x
+
ρ1
2ρ

∂(u1 − u2)2

∂x
, (2.9)

∂S

∂t
+

∂

∂x

(
S

ρ
(ρ1u1 + ρ2u2)

)
= 0. (2.10)

Let us express the velocities in terms of the partial densities ρ1, ρ2, the
total impulse j = ρ1u1 + ρ2u2 and the relative velocity w = u1 − u2

u1 =
j + ρ2w

ρ
, u2 =

j − ρ1w
ρ

. (2.11)

Taking into account these expressions, equations (2.6) and (2.7) take the
following form

∂ρ1
∂t

+
∂

∂x

(
ρ1
j + ρ2w

ρ

)
= 0,

∂ρ2
∂t

+
∂

∂x

(
ρ2
j − ρ1w

ρ

)
= 0.

Subtracting equation (2.9) from (2.8), we obtain the following equation
for the relative velocity

∂w

∂t
+

∂

∂x

(
w
j + ρ2w

ρ

)
= 0.



54 G.S. Vasiliev

Let us get the equation expressing the law of conservation of momentum.
The sum of equation (2.6) multiplied by u1 and equation (2.8) multiplied
by ρ1 is as follows

∂

∂t
(ρ1u1) +

∂

∂x
(ρ1u

2
1) +

ρ1
ρ

∂p

∂x
+
ρ1ρ2
2ρ

∂w2

∂x
= 0. (2.12)

The sum of equation (2.7) multiplied by u2 and equation (2.9) multiplied
by ρ2 is

∂

∂t
(ρ2u2) +

∂

∂x
(ρ2u

2
2) +

ρ2
ρ

∂p

∂x
− ρ1ρ2

2ρ

∂w2

∂x
= 0. (2.13)

Taking into account formulas (2.11), the sum of equations (2.12) and
(2.13) gives the total momentum conservation law. Thus, we reduce the
system of equations (2.6)–(2.10) to the divergent form

∂ρ1
∂t

+
∂

∂x

(
ρ1
j + ρ2w

ρ

)
= 0, (2.14)

∂ρ2
∂t

+
∂

∂x

(
ρ2
j − ρ1w

ρ

)
= 0, (2.15)

∂w

∂t
+

∂

∂x

(
w
j + ρ2w

ρ

)
= 0, (2.16)

∂j

∂t
+

∂

∂x

(
j2

ρ
+
ρ1ρ2w

2

ρ
+ p

)
= 0, (2.17)

∂S

∂t
+

∂

∂x

(
S

ρ
j

)
= 0. (2.18)

A consequence of the system of equations (2.14)–(2.18) is the energy
conservation law

∂E

∂t
+

∂

∂x

(
p+ E

ρ
j +

ρ1ρ2
ρ

u1(u1 − u2)2
)

= 0. (2.19)

3. The spectral analysis of the two-velocity hydrodynamics
equations with one pressure in the one-dimensional case

Let us carry out the spectral analysis of system (2.6)–(2.10). We choose the
equation of state in the form:

p = p(ρ, s), (3.1)

where s = S/ρ is the entropy of the two-phase medium per unit mass.
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With the equation of state (3.1), the considered system has a represen-
tation in the form

∂ρ1
∂t

+ ρ1
∂u1
∂x

+ u1
∂ρ1
∂x

= 0, (3.2)

∂ρ2
∂t

+ ρ2
∂u2
∂x

+ u2
∂ρ2
∂x

= 0, (3.3)

∂u1
∂t

+ u1
∂u1
∂x

+
pρ
ρ

(
∂ρ1
∂x

+
∂ρ2
∂x

)
+
ps
ρ

∂s

∂x
+
ρ2w

ρ

(
∂u1
∂x
− ∂u2

∂x

)
= 0, (3.4)

∂u2
∂t

+ u2
∂u2
∂x

+
pρ
ρ

(
∂ρ1
∂x

+
∂ρ2
∂x

)
+
ps
ρ

∂s

∂x
− ρ1w

ρ

(
∂u1
∂x
− ∂u2

∂x

)
= 0, (3.5)

∂s

∂t
+ u

∂s

∂x
= 0, (3.6)

where the following notation is used

pρ =
∂p

∂ρ
, ps =

∂p

∂s
, u =

ρ1
ρ
u1 +

ρ2
ρ
u2.

We represent system (3.2)–(3.6) in the matrix form

∂U

∂t
+A

∂U

∂x
= 0,

where
U = (ρ1, ρ2, u1, u2, s)

T ,

A =



u1 0 ρ1 0 0

0 u2 0 ρ2 0
pρ
ρ

pρ
ρ

u1 +
ρ2w

ρ
−ρ2w

ρ

ps
ρ

pρ
ρ

pρ
ρ

−ρ1w
ρ

u2 +
ρ1w

ρ

ps
ρ

0 0 0 0 u


,

Let us find the eigenvalues of the matrix A.
The equation ‖A− λI‖ = 0 has the form

(u− λ)(u1 − λ)(u2 − λ)((u2 − λ)2 + 2w(u2 − λ) + ρ−1ρ1w
2 − pρ)−

2(u− λ)(u1 − λ)ρ−1ρ2pρw = 0.

Thus, λ1 = u and λ2 = u1 are the eigenvalues of the matrix A, the other
eigenvalues satisfy the cubic equation

(u2 − λ)3 + 2w(u2 − λ)2 + (ρ−1ρ1w
2 − pρ)(u2 − λ)− 2ρ−1ρ2pρw = 0.
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Multiplying the resulting equation by (
√
pρ)

−3, we obtain

(u2 − λ)3

(
√
pρ)3

+
2w(u2 − λ)2
√
pρ(
√
pρ)2

+
(ρ−1ρ1w

2 − pρ)(u2 − λ)
√
pρ(
√
pρ)2

− 2ρ−1ρ2pρw√
pρ(
√
pρ)2

= 0.

Let us change the variables

z =
u2 − λ√

pρ
, a =

w
√
pρ
. (3.7)

and obtain

z3 + 2az2 − z(1− ρ−1ρ1a
2)− 2ρ−1ρ2a = 0. (3.8)

Figure 1

Figure 1 shows the graph of

f(z) for the values
u1√
pρ

= 0.1,
u2√
pρ

= 0.3,
ρ1
ρ

= 0.8 and
ρ2
ρ

= 0.2.

The function f(z) has three real
roots.

For small values of the param-
eter a, we find the roots of the
equation f(z) by expanding z(a)
into a series in powers of a. Let

z(a) = z0 + ab. (3.9)

Substituting expression (3.9) into equation (3.8), assuming that a is suf-
ficiently small, we arrive at the following equation

a0(z30 − z0) + a1(3z20b+ z20 − b− 2ρ−1ρ2) = 0.

The identity is attained if the coefficients of the powers of a are equal to
zero. The coefficient for a0 is zero for the following values z0,1 = 0, z0,2 = 1,
z0,3 = −1. Accordingly, we obtain the conditions for the coefficient being
equal to zero of at a1:

b1 = −2ρ−1ρ2, b2 = b3 = ρ−1ρ2 − 1.

Substituting these conditions into (3.9), we obtain

z1(a) = −2ρ−1ρ2a, z2(a) = 1− ρ−1ρ1a, z3(a) = −1− ρ−1ρ1a.
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From (3.7) we express λ = u2 − z
√
pρ. Thus, we have obtained the

eigenvalues of the matrix A:
λ1 = u, (3.10)

λ2 = u1, (3.11)

λ3 = u2 + 2ρ−1ρ2w, (3.12)

λ4 = u2 −
√
pρ + ρ−1ρ1w, (3.13)

λ5 = u2 +
√
pρ + ρ−1ρ1w, (3.14)

which will be used below to find the values of the numerical fluxes.

4. Numerical results

The system of equations of the two-velocity hydrodynamics with phase equi-
librium in terms of pressure (2.14)–(2.17), (2.19) has a representation in the
form of discrete analogs of the conservation laws

∂U

∂t
+
∂F (U)

∂x
= 0, (4.1)

where
U = (ρ1, ρ2, w, j, E)T ,

F (U) =



ρ1
j + ρ2w

ρ

ρ2
j − ρ1w

ρ

w
j + ρ2w

ρ

j2

ρ
+
ρ1ρ2w

2

ρ
+ p

j

ρ
(p+ E) +

ρ1ρ2
ρ

u1(u1 − u2)2


.

We will seek a numerical solution to system (2.14)–(2.17), (2.19) in the
computational domain Ω =

{
(t, x) : 0 ≤ t < T, 0 ≤ x ≤ 1

}
, with the

following boundary conditions

∂U

∂x

∣∣∣
x=0

=
∂U

∂x

∣∣∣
x=1

= 0.

For integration with respect to time, we will use a first-order scheme in
the space-time cell [xi−1/2, xi+1/2]× [tn, tn+1] with the steps ∆x = xi+1/2 −
xi−1/2 and ∆t = tn+1 − tn:

Un+1
i = Uni −

∆t

∆x
(Fi+1/2 −Fi−1/2), (4.2)
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where Uni is the approximation of U in the cell xi at the time instant tn,
Fi±1/2 are the numerical flows at the borders of cells, the indices running

over the values i = 0, I, n = 0, N .
Knowing the formulas for calculating the characteristics (3.10)–(3.14)

allows us to apply the HLL method for the system of equations (2.14)–
(2.17), (2.19) [13]:

Fi+ 1
2

=
(a−R − a

−
L )FR + (a+R − a

+
L )FL − 1

2(aR|aL| − aL|aR|)(UR − UL)

aR − aL
,

a+ = max(a, 0) =
a+ |a|

2
, a− = min(a, 0) =

a− |a|
2

,

where aL, aR are the lower and the upper boundaries, respectively, for the
lowest and the highest wave velocities. The index L refers to the ith cell and
R refers to the (i+ 1)th. The time step at the nth time layer is calculated
by the formula

∆t =
K∆x

anmax

,

where K is the Courant number, anmax is the maximum velocity of the lon-
gitudinal sound wave at a given time level.

The HLL method was used to solve the Riemann problem about the
decay of an arbitrary discontinuity for the system of equations of motion of
a single-phase ideal fluid [17], which looks like

∂ρ

∂t
+
∂(ρu)

∂x
= 0, (4.3)

∂(ρu)

∂t
+
∂(ρu2 + p)

∂x
= 0, (4.4)

∂E

∂t
+
∂(u(E + p))

∂x
= 0. (4.5)

Here u is the velocity, ρ is the density, p is the pressure, E = ρ(u2/2 + e) is
the total energy of an ideal fluid.

The specific internal energy e is given in the form

e = e(ρ, p) =
p

(γ − 1)ρ
. (4.6)

The HLL method in [17] was verified on test problems in comparison
with the solutions obtained using Godunov’s scheme. Consider such two
test problems with the following initial data presented in the table, where
x0 is a break point.
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Test ρL uL pL ρR uR pR x0

1 1.0 0.75 1.0 0.125 0.0 0.1 0.3
2 1.0 −2 0.4 1.0 2.0 0.4 0.5

Test 1–– “Sod test problem” [22]. In this test, jumps in pressure, density,
and velocity are set as initial conditions. For a two-phase medium, the values
of the initial data in the phases are taken to be the same. The solution is a
left rarefaction wave, a contact discontinuity, and a right shock wave.

Test 2 –– “123 problem” [23]. In this test, the speed jump is set as the
initial conditions. The velocities of the phases of a two-phase medium are
locally taken to be equal. The solution consists of two strong rarefactions
and a trivial continuous contact discontinuity.

To compare the numerical solutions in these tests for system (2.14)–
(2.17), (2.19), let us make the following assumption about the equation
of state phases: the adiabatic exponents γ of the phases are taken to be
the same and equal 1.4. In this case, the internal energy e of the two-
phase medium is a function of the hydrodynamic pressure of the two-phase
medium and is expressed in the form of (4.6). Also, to compare a two-phase
medium with a single-phase liquid, the parameters of each of the phases of
the two-phase medium were chosen to be the same and corresponding to the
parameters of an ideal fluid.

Figures 2 and 3 show a comparison of the solutions of test problems 1 and
2 for a single-phase ideal fluid and a two-phase medium with equal values

Figure 2. Test 1. Calculation results for an ideal fluid (solid line) and for a
two-phase liquids (points). The time moment is 0.2
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Figure 3. Test 2. Calculation results for an ideal fluid (solid line) and for a
two-phase liquids (points). The time moment is 0.15

of the phase parameters. The profiles of density, velocity, pressure, and a
specific internal energy are presented.

These figures demonstrate a good agreement between the solution to the
problem of discontinuity decay in a two-phase medium (with the same phase
parameters) with the solutions for the single-phase liquid.

In the case of setting different values of the partial densities and velocities
of the phases of the two-phase medium in test 1, there is a difference in the
behavior of the phases. Figure 4 shows the profiles of the densities and
velocities of the phases of a two-phase medium. The test sets the following
initial data: the values of the partial densities and velocities of the phases to
the left of the discontinuity ρ1L = 0.8, ρ2L = 0.2, v1L = 0.65, v2L = 1.15 and
to the right of the gap ρ1R = 0.9, ρ2R = 0.1, v1R = v2R = 0; the pressure
values are considered equal and correspond to the table above. With this

Figure 4. Calculation results for the first phase (solid line) and for the second
one (dashed line). The time moment is 0.2
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setting of the initial data, the total density and average velocity of the two-
phase medium correspond to the values presented in the table above.

Figure 4 demonstrates the appearance of differences in the values of
densities and phase velocities. Moreover, the characteristic behavior of the
total density and average velocity of a two-phase medium coincides with a
single-phase analogue.

Conclusion

The paper considers a system of equations of motion of a two-phase medium
with phase equilibrium in terms of pressure and temperature. In the one-
dimensional dissipation-free case, the system is reduced to a divergent form.
The characteristic values are found, which make it possible to apply the
numerical HLL method to study the behavior of a two-phase system on the
example of the problem of discontinuity decay. Comparison of the obtained
approximate solutions with the equations of motion of an ideal fluid shows
their good agreement.
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