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About one direct initial-boundary value problem
for nonlinear one-dimensional poroelasticity
equations

Kh.Kh. Imomnazarov, Sh.Kh. Imomnazarov, P.V. Korobov,
A.E. Kholmuradov

Abstract. We consider a one-dimensional direct initial-boundary value problem
for a nonlinear system of the poroelasticity equations. The theorem of local solvabil-
ity of the classical solution to the problem is proved. The Frechet differentiability
of the problem operator is proved, too.
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Let us consider the one-dimensional nonlinear system of equations of
poroelasticity

psue = ((uz)uz)e = pi (w = v)x(u—v)), @€ (0,L), te€(0,T), (1)
PLVy = pl2(u - U)X(u - U)v T e (07 L)a te (07 T)v (2)

with the initial conditions
uli=o = up(), utli=0 = u1(x), v|=0 =0, =z € (0,L), (3)
and the boundary conditions
(g )tzle=r = f(t),  tlz=0 =0, t€(0,T). (4)

Here u and v are the velocities of elastic porous body with a constant partial
density ps; = pf; (1 —dp) and of the fluid with a constant partial density p; =

Qv F[0.T) = R, up: [0,L] = R,
up : [0,L] = R, p£ and p{ are the physical density of elastic porous body
and the fluid, respectively, u(v) is a three times continuously differentiable
positive function, x(v) is a two times continuously differentiable positive
function.

The nonlinear wave equation of the form of (1) (xy = 0 in a reversible
approximation) arises in many problems. For example, when the string
vibrations for the elastic coefficient depend on deformation. Many mechanics
models of porous media, taking into account energy dissipation, the friction
coefficient (permeability) are the function of the velocity difference [1, 2].

plf dy, respectively, dy is porosity, u; =
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Next, we are interested in the classical solution of the initial-boundary
value problem (1)—(4), i.e., u € C%2([0, L] x [0,T]), v € C%1([0, L] x [0,T]),
where C*™([0, L] x [0, T7]) is the space of k times continuously differentiable
functions with respect to x, and m times continuously differentiable func-
tions with respect to t.

In this paper, using the ideas of [3], we study the direct problem for
one-dimensional dynamic system of equations of porous media.

The statement of the problem and formulation of results. The
problem of the definition of u and v from (1)—(4) with given p, x, ps, p; will
be called a one-dimensional direct dynamic problem for porous media. The
one-dimensional inverse dynamic problem for porous media by the definition
u, v, p from (1)—(4) (with given x, ps, p;) for additional information @ :=
u(L,-) will be considered separately.

We introduce the functions ji(s) = su(s), x(s) = sx(s). To study the
properties of our mathematical model, we consider the operator F', that
maps the function fi on to the given @ := u(L, -) which is a restriction of the
solution u for the following initial boundary value problem

PsUtt = (ﬂ(uz))x - p?(i(u - v))tv

~ (5)
vy = pix(u—v), ze€(0,L), te(0,T),

with the initial conditions
ulp=o = uo(x), Utle=o = u1(x), v|t=0 =0, x€(0,L), (6)
and the boundary conditions
i(ua)le= = f(t), uls=0=0, t€(0,T). (7)
Then the function fi can be found from the solution of the operator equation
F() = i (8)

The derivative of the operator F' in some direction df is calculated in the
following

F(p)op) = u(L, -), (9)

where the functions u and v are the solution of the initial-boundary value
problem

pstuee = (i (uz)tz)o — pf (V' (u = 0) (@ = )¢ + (6(ua))a,

(10)
/ﬁt :plf(/(u_v)(a_a)’ T € (O’L)7 te (OvT)a



About one direct initial-boundary value problem. . . 3

with the initial conditions

ult=0 =0, Utft=0 =0, vl=0=0, =x€(0,L), (11)
and the boundary conditions
Uly=o =0, fi'(uz)ug + 6ji(ug)lz=1 =0, te€(0,7T). (12)

In formulas (10)—(12) the functions w, v are the solution of the initial-
boundary value problem (5)—(7).
Suppose that the following conditions are valid

Uup € CB(OaL)a Uy € 02(0>L)a f € 02(07T)a (13)

and the compatibility conditions

(5o £)(0) = up(L), (A~ o f)'(0) = uy(L), (14)
ps(A™ 0 f)"(0) = (A(up))" (L) — pi[(ur — px (uo))X' (uo)]'(L)
on the right boundary and
up(0) = u1(0) = ug(0) = uf(0) = 0 (15)

on the left boundary.
Assume that the functions i, ¥ belong to the set

iy = BOEX [HE) 2 @ C V@C Yo
for any s € [0, 5], and condition (14) is fulfilled |’

for some positive constants pg, C'. Further, we denote by C' a positive

constant that is greater than the previous C,

X = {(ix) € C*(0,5) x C*(0,5) | 4(0) =0, x(0) =0},  (17)

where S > 0. Note that in applications we often set parameters to be
strictly monotonously increasing and smooth functions. These conditions
are satisfied in the domain of definition D(F') and the space X, defined by
above formulas (16), (17). The assumption of smoothness parameters in
our model is also important for the effective solution of the original initial-
boundary value problem. If i, ¥ are sufficiently smooth, then to determine
the parameters of a medium, we can apply methods of Newton type with
quadratic convergence.

Theorem. Suppose that T is sufficiently small, S sufficiently large, condi-
tion (13) and D(F') is defined by formula (16).
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Then, for any (i1, X) € D(F), the problem (5)—(7) has a unique solution
u € C32([0,L] x [0,T)), v € C%L([0, L] x [0,T]). Consequently, the operator
of the direct problem

F:D(F)C X — C*0,T), j+~ u(L,"),
where u, v is a solution of (5)—(7), is well defined. Furthermore, for
X' :=XNnCY0,s) x C0,s), D'(F):=D(F)nC*0,s) x C*0,s),
F:D'(F)C X' = C*0,T)

1s continuously differentiable according to Frechet, and derivatives are cal-

culated by formulas (9)—(12).

Remark. A similar result holds for the homogeneous Neumann conditions
instead of the Dirichlet boundary conditions on the left boundary z = 0,
which corresponds to the case free from tension on the left boundary. In
the proof of correctness (see below) of the boundary conditions for w = uy,
W = v; wWe have

f(w)|z=r = f(t), w|z=0=0, te(0,T).

Here the functions u, v are defined in terms of the functions w, w by the

formulas
u(w,t) = / (& t)dé+ — // (i(w))z(0,m) dndr +
plm// (u— )X (u = )](0, 1) dn dr,

o(e,t) = /0 e, 1) dE + py / (s — ))(0,7) dn.

This system is at fixed = closed system of the nonlinear Volterra integral
equations of the second kind with respect to ¢.

Proof. Let us introduce the functions @ = u,, v = v,. We differentiate
both sides of system (5) with respect to x and relative to u, v obtain the
system of equations

psure = (i (0)Uz)s — piX' (u—v)ue -
PN (u = )]t — X (u = )]} (@ — v), (18)
v =pxX (u—v)(u—0), ze€(0,L), te(0,T), (19)

Suppose that on the left boundary, given the homogeneous Neumann con-
dition (see the Remark) and using condition (4), we obtain
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i (w)tgle=0 =0, fA(t)|e=r = f(t), te(0,T),
or
E:L‘|CC=0 = O’ E|I:L = ﬂ_l(f(t))v te (OuT) (20)
The initial conditions are of the form

Um0 = uoe(z), Uplimo = w1z(z), Tl =0, =€ (0,L). (21)

To show the existence of solutions of the nonlinear initial-boundary value
problem, we reduce equation (18) to a standard form with a smooth trans-
formation of variables [4}, using the characteristic curves

i\/ t)/ps-

We introduce a new function [4]
Ulp(z,t) + (. t), p(z,t) — P(x,1)) = u(z,1), (22)
where ¢(z,t), ¥(z,t) satisfy the system

ot + VI (uz)/pspr =0, e — /i (uz)/ psipz = 0. (23)

After simple transformations with respect to v and U, equations (18) and
(19) take the form

v =pi¥ (u—v)(U - 5), (24)

1 I;CC Et pl X1
U« UW] ( + (U +U<)
b\/ \/
1<bx by pp m) 1 P xe
— — — —(U Ug)-f—*
b Wb PV !

P Ps 4b<ﬂx¢x
where b = fi'(u)/ps, x1 = X (U —v), x2 = [¥'(u = v)]s — pu[¥' (u — v)]*.
To show that this is a regular transformation of the variables and it is
from the class C? on a sufficiently small interval (0,%), provided u € C?,
v € O, consider the determinant of the Jacobian matrix

(U - 7). (25)

det< Oz + VY o+t > — det Or + Yz — ﬂ/(a)/ps(@x_d}x)

Or — Yz Pt — Uy — Py —\/ﬁ’(T)/ps(%-i-%)
= —M/W% Vg (26)

We show that the determinant of the Jacobian matrix is different from zero,

i.e. ¥, # 0 and @, # 0.
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From characteristics of the ordinary differential equation (23) for 1

tT(T7 g) =1, t(O,&) = ga
2.(1.€) = /i (i(a(r. ). t(r. ) Jps ©(0,0) =0,  (27)
¢T(T7 g) =0, %Z)(Oaf) = ga
we obtain
t(T,f) =7+¢, 1/)(775) 257 (28)

for 7 >0, £ =(0,£) > 0.
After differentiating the second relation of (28), we obtain

1= e = e+t = V- (e + 1/ (@)/ps ). (29)

Hence, we obtain v, # 0. Similarly we can prove that ¢, # 0. Consequently,
the determinant of the Jacobian matrix is nonzero. On the other hand, the
limit of |¢),] is performed as long as

2e(7,€) # —\ (@l (7,€), tr. 7 + ) .

It is true for all ¢, that 7 =t — & is less than ¢ > 0, which can depend only
on |[uf|c:.

We differentiate the second relation of (27) with respect to . Relative
to w¢ we obtain the ordinary differential equation of the first order with
zero Cauchy data. Let us reduce this problem to the solution of the integral
equation. Using obvious estimates and Gronwall’s inequality, we obtain the
inequality

Cllull 2

we(r,€)| < e ™ — 1< \/elpy <\ (u(a(r,€), 7+ ) /pss (30)

which is valid for

2/cpsIn(\/¢c/ps + 1)
Cllulle

Similarly, we can prove the boundedness of all derivatives of the functions
¢ and v up to the second order [3].

According to the theorem about the inverse function, the existence of
the solution u € C%?%, v € C%! of problem (18)—(21) follows from the exis-
tence of the solution U € C%2, v € C%! of problem (24), (25) transformed
with initial and boundary conditions. To prove the existence of solutions of
system (24) and (25) we use the Banach theorem [5]. Namely, we define a
fixed point of the operator M = (My, M5), mapping the functions u € C%2,
v € C%! onto the solutions M (U, v) =Y, My(U, v) = y from

TS?:
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(b, b pixi)1
Yoo = Yoy <(~)+ e %(Un+UC)+

8 N

1(b, b p?X1>1 Pt xe _
= —= -t )| — (U, - U) + *+— U—-v), 31
(b b Ps /b N TR o

ye = piX (u—v)(U = ), (32)

transformed with initial and boundary conditions. Note that the right-hand
sides depend on U, v not only linearly relative to U, + U, U,, — U¢, but also
nonlinear through b = /() /ps, x1 = X' (U — v) and ¢, 1. The operator M
is a contraction for small values ¢ (0 < t < ¢) due to the limited right-hand
sides of (31), (32) in the norm ||U||c2.2, ||v||co.1. This implies the existence
of the solution v € C32, v € C! nonlinear initial-boundary value problem
(1)—(4) and, consequently, according to

t

ule,t) = /0 GEN) e, v(at) = /0 (et de 1 py /0 [ — 0))(0,7) dr,

there is a solution u € C?2, v € C%! to the initial-boundary value prob-
lem (18)—(21). The uniqueness is proved in a standard way [3], applying
Theorem 4 from [4] for the system

1
pstiit = (/ f(u? + (ul —u2)0) do ﬂx> —
0

T

1
p?(/ X( 2—v2+(u1—vl—u2+v2)9)d9) ,
0

t

1
ﬁt:pl/ Xu? —v? + (ub — o' —u? +0v?)0)do,
0

with homogeneous initial and boundary conditions for a difference of solu-
tions u', v! and u?, v2.

Similarly, we can show the continuous dependence of the solution u €
C?2, v € C% on the parameter i € C3.

To prove the Frechet differentiability of the operator of the direct problem
F let us note that F'(fi+df1) = (L, -), where the functions u, v is the solution
of the initial-boundary value problem (1)-(4) with & = i+ 0/, the functions
wiI=U—Uu—1u,w:=70—v—0v are the solution of the initial-boundary value
problem

PsWit = (ﬂl(uﬂc)ww)x - p?)}l(u —vw + Gy —
PLIX (u = )]t = X (u = )P (w — w),

we = piX'(u—v)(w — w),



8  Kh.Kh. Imomnazarov, Sh.Kh. Imomnazarov, P.V. Korobov, A.E. Kholmuradov

with zero initial conditions and the boundary conditions
i (ue)wel o=, = G(L,t), wle=0 =0, te€(0,T),

where
G = i(tg) — ug) — ' (uz) (g — uz) + 6fi(tz) — dfi(ug).

Therefore, applying the conversion characteristic of the class C?, known
results for the wave equation and Gronwall’s inequality, we find that the
norm ||w||o2 can be estimated through ||0u||cs [3]. This means the continuity
of F.

Similarly, we prove the continuity of the Frechet derivative of the oper-
ator F'. The theorem is proved. O
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