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On the finite volume solution of the 1D parabolic
nonlinear equation®

V.P. I’in, I.A. Shmakov

Abstract. The mixed finite volume approach is described for solving the one-
dimensional nonlinear parabolic equation on the non-uniform grid. The estimates
of the truncation errors for the approximate solution as well as for the flux are
investigated. The results of numerical experiments for the two model problems are
presented.

1. Introduction

In this paper, we consider the finite volume approach for the numerical
solution of the mixed boundary value problem (BVP) for the 1D nonlinear
parabolic equation
ou 1 0/, Ou
gu _ L 9 (e, %% ) : 1
5 xaax(x agz- +bu +cu+ f (1)
0<Lg<x<Liy, 0<t<T <00,

where the coefficients a > 0, ¢ < 0, b and the function f depend on the
variables z, t and, possibly, on the unknown function wu, also. In (1), the
values &« = 0 and o = 1 correspond to the Cartesian and the cylindrical
spatial coordinates.

The initial value u(z,t = 0) = u(x) is supposed to be given, and the
boundary conditions are written down formally as

(aou - ﬁo%) - <a1u * ﬁl%) emry (2)

@fo <0, a1 >0, |agl+|Bo|l#0, [a1|+[B1]#DO.

r=Lg

So, different kinds of the BVPs (Dirichlet, Neumann, Robin, and mixed
type) are included into the statement. Let us remark that in the physical
sense, a more natural boundary condition presents the given flux

v(z) = (—xaagu - bu>
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and, in this case if & > 0 and Ly = 0, the condition of boundedness of the
solution is :llir(l) v(z) =0 [1].

Investigations of similar problems by the finite element and other meth-
ods were carried out, especially, for the linear case, by many authors (see
e.g., [1-3] and the references therein). Application of the mixed FVM for a
similar stationary diffusion problem was considered in [4]. The aim of this
paper is to extend the results considered in [4] to a nonstationary nonlinear
problem with an additional convection term.

In Section 2, we analyze the features of the mixed FVM for problems
(1), (2), under the assumption that the desired solution is piecewise smooth.
In Section 3, the results of numerical experiments for the Burger equation
[5] and the linearized filtration problem [6] are discussed.

2. The mixed finite volume algorithms

Let us rewrite equations (1) in the following mixed formulation:

ov o

a?*”f(“‘**ﬁ (3)
ou
— g2y, 4
v x® ay——bu. (4)
Here, the flux function v can be represented as
x%a Opu C
=X — 5
! po Ox’ / ¢ea (5)
0

For approximation of system (3), (4), we introduce a non-uniform grid
Tit1 = + hi;, x0= Lo, xr1=1L1, 1=0,1,...,1,
the1 =tn+7, n=0,1,...

After integrating equations (3) and (5) over the intervals [z;_1 /2, Zi11/2];

Tiy1/2 = (Ti + zi21)/2, and [7;, 2;41], respectively, we obtain the exact
relations
Tit1/2
ou
Vit1/2 — Vi—1/2 = gdr, g=u ( U—*+f) (6)
Ti—1/2
Tit1
v
()i = ()i = | - da (7)

i
Using the piecewise linear interpolation of the function g in (6), we have

Vit1/2 — Vi1 = Gi + O(h?), h= m?x{hi}a ®
Gi = [3(hi + hi—1)gi + hi—1gi—1 + higi+1]/8.
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Approximation of the integral in (7) provides the relation

Tit1
dz
()i = (s = vigape [ s+ O)
$Z+1

= Vit1/2 eXit1/2+ (@i 2) Oar1=Xa) i g - O(B3)

;i

= Vjyq/0€NiHY2 M (ew - 67@) +O(h?),
Xi+1 — Xi

where the function y and its differences are defined as

x=n—-2¢& &=1In(z%)
Xit1 — Xi = Ni+1 — 0 — &iv1 + &
b, + b, a,.
S .k 2SR W KU BOT( )
xi+1/2(ai +aiy1) T4 10041

From the latter, we can find the flux

Xit1 — Xi) Ty q /90
( + ) +1/2 +1/2 +O(h3).

(9)
If we write a similar relation for v;_; /o and substitute it into (8), we will
obtain the following equations:

. — i=MNit1/24,. — pMi+17Nit1/2,,.
Vit1/2 (6 Ui —e Wi+l (Xi+r><i _ Xik1=Xi
(e 2 —e 2
7

~

(Au); = G5 —1ui—1 + i 0u; + G 1w = g + O(R), i=1,2,....1, (10)

where the values g; depend on u and %, and the entries of the matrix A
are defined as

Qji1 = —Qig—1fbi—1, Giip1 = —Qiirifbit1, Gig = (Qii—1 + Qiip1)ps- (11)
Here we use the notations

. . (07
(Xi+1 — Xz)$i+1/2ai+1/2ﬂi+1/2

If we use the definition of g; and the time discretization of (10) at the
moment t, g9 = t, + 07, 0 < 0 < 1, the following relations are obtained:

Qi+l = Qitls = — Xitl—Xi Xit1—Xg
2

hile= 2 —e

7—iBh(un—f—l _ un) + (Ahu)n+9 _ f;?w + wLL—I—G’ Al — Ah + Ah, (12)
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where
u" = {u(x;, ty)}, w0 = gyt 4 (1—0)u",

U = O(h 4 he? 4 h(1—20)7), Fi* = (0 = (B )
B" = {b; ;} and A" = {a;;} are tridiagonal matrices with the entries

bii—1 = hi12i"y,  biit1 = by, bii = (hi—1 + hi)xf,

- - - e
Aii—1 = bii—16i—1, Giiq1 = biip1Cit1, Qi = (him1ci—1 + hici) s

If the matrix elements in (12) depend on time, the matrix-vector product
is defined as

n

(APu)" 0 = AR w4 (1 — ) Al

and the entries of A" are used at n-th time step. Due to the properties of
the coefficients a, ¢ from (1) and those of the matrix entries from (10), (11),
it follows that A = {a;;} is M-matrix (see [1, 2]), i.e., A1 > 0 because
of the column diagonal dominance and non-positiveness of the off-diagonal
entries:

aji+1 <0, @i+ a1+ a;41 20, (13)

with, at least, one strong inequality in the last relation. The only exclusion
is a pure Neumann BVP with ap = a3 = ¢ =01in (1), (2).

The boundary conditions (2) are taken into account without any addi-
tional error. If By = 0 and/or ;1 = 0, then the equations

uo = y0/a0, ury1 = /o, (14)
present an “exact approximation” of the Dirichlet conditions. And if Gy # 0,
for example, then, in addition to equations (6) for ¢ = 1,2, ..., the boundary
equation
T1/2
Vg — Vo = / gdx (15)
Ty

is introduced. The term vy /5 in (14) is approximated according to (9), as
usual, but vg is defined, with the help of (4), as

vy = (@xg‘ao — bo) ug — Ewﬁ‘ao. (16)

Bo Bo

Therefore, using the spatial and time approximation of the right-hand
side in (15) and substituting v from (16) and vy /5 from (9) into (15), we
obtain the equation for ¢ = 0, similar to (12). Also, if 31 # 0, we define an
additional flux equation
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TI+1
V41 — Ury12 = / gdx
Tr41/2
and the exact boundary condition
a1 gi!
Vrp1 = (5*33?+1a1+1 - bI+1>uI+1 - /6,*90?‘+1G1+17 (17)
1 1

which provides the (I + 1)-th grid equation, similar to (12).
For a more natural Robin type boundary condition, we have a given flux,
for example, at the left boundary

— (maa% + bu>

x=Lg -
In this case, equation (16) is reduced to a simpler form vy = 7p.

After exclusion of the fluxes in the near boundary points, the dimension
of the vector u™ is N = I + 2 in a general case of equation (12), and N = I
or N = I + 1 if we have the Dirichlet or a mixed boundary value problem,
respectively.

If we delete the approximation term ¢"*% in (12), we will obtain the
equation for the grid solution u} = {uim}

1 n n mn
T—Bh(uhﬂ up) + 0AL a4 (1 - 0) Al = 0 (18)

In a similar way, from (9), we define the grid flux

(Xi+1 = Xi) Ty joiv/2

. — Ni=Mi41/24,70 __ SNi4+17Mi41/2,,1
vl—f—l/? (6 ¢ /uz e ! /ul+1) Xit1—Xi CXig1—Xs

e 2 —e 2 )

It is important to remark that the finite volume scheme obtained is fully
conservative, in the sense, that the following exact grid balance holds:

Tn[e(vg,fm — U?ﬂ/z) +(1- 9)(1}25,“/2 — U;—1/2)] =

Z'N

S B gt — up)i + 0G4 (Aup i+ (1 - 0)[G7 + (Aup)il},

=

for any pair of the indices ¢/, i”. It is evident that each side of this equation
presents the approximation of the corresponding term of the conservative
law, or the balance equation:
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tnt1 Tilly1/2 th+1  Til'y1/2
/(Ui”+1/2_vi’1/2) dt = / xa(u"+1—un) d$+ / dt / (Cu—f)l'a dﬂ?

tn Tir—1/2 tn Zir_12

It can be mentioned, that in [1], a similar exponential type scheme was
considered on the uniform grid, but it was a nonconservative one.

Now, by means of the term-by-term subtraction of equations (12) and
(18) we obtain the following linearized equation for the grid solution error

vectors 2" = {u(z;, tn) — ul"}:

7
1
;th(Z+1 2) F (AL +COR) 2 T (L=0)(AR +C)2ft = it (19)
n
Here C = {¢; ;} is a tridiagonal matrix, nonsymmetric and indefinite, in
general, whose entries consist of derivatives of the matrix elements a; ; and
can be understood from the following example:

i i (Wi, Wim 1, Wi )i — @i (ul ulty aly  ult +

h h
@i (Wi, Wi, Wi 1) W5 — @ (Wqy Ui—1, Wi ) Uy
@a“-
) * h h
Tu. (u7)ui'z" +
T
Oa; ;

2 u* h * uhzh
8“1'_1( z—l) Uy 25— 1+ 8U7j+1( z—l—l) 7 “i+1

h
= (U, i1, Uig1) 2 +

h h h h
= Qg2 tCiizp T Cii-12; 1 T Ciit12i41,

where the values of derivatives are defined for some arguments u;,; €

[ti1,uly,]. In other words, the matrix C” is defined from the vector-matrix
relation

Ah(u”)u" — Ah(uh’")uh’” = (Ah(u”) + C’h(u*))zﬁ
The error equation can be written down in the form (we omit here and
further the index “h” for matrices and vectors)

(B + 140M,11)2" = [B — 7,,(1 — 0) M,,] 2" + 7,007+, (20)

where M, 11 = Apy1 +Cpy1 = {mnjl = a"“ + C"H}
Let us now, for simplicity, suppose that nonhnearlty of the function a,
¢, and f in (1) is not too strong, so that B + 7,0 M,,4+1 is M-matrix and

conditions the similar to (13) are valid for all the rows:

bii+1 + Thbm;i+1 <0, (21)
bii + bi—1i + bit1i + Th0(my; + mi—1,; +miq1:) > 0.

Moreover, we assume, that for some positive vector w = {w; > 0} with
the norm ||w||s = max; |w;| = 1 the following inequality holds:
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(B + 10 Mp1)w > (14 5¢9) LB — 7(1 — 6) M, e, (22)

where e is the vector with unit entries. Here and below the constant s,
k =0,1,..., means the value which does not depend on 7 = max,{m,}, h,
and h = min;{h;}. Conditions (21), (22) provide the matrix norm inequality,
see [2]:

(B 4+ 16 My 1) [B — 7,(1 — 0) My]|loe < 1+ Tns. (23)

One more matrix property is assumed: ||(B + 7,0M,11)""| < 3 /h, from
which, together with (23) and (20), we obtain the inequality

12" Hloo < (1 + Tw520) 12" oo + Tl oo/ P

Now we can formulate the main result of the previous consideration.

Theorem 1. Let conditions (21), (22) be satisfied for alln =0,1,... Then
the grid solution error has the norm ||2"||co = O(72 4+ h2) for § = 1/2 (the
Crank-Nicolson scheme) and ||2" |l = O(T + h?) for 1/2 <6 < 1.

We can remark that for # = 1 (a pure implicit scheme) this means
an unconditionable convergence of the grid solution, but for 8§ < 1, the
convergence in the infinite norm demands the condition 7 = O(h?).

Let us now consider the grid flux error vector

h, h,
b = i1 = 0(@itaj2te) = 0 o}

h,n

where the grid flux vector vy = {v; /2} satisfies for 6 > 0 the equations

1 _ _
o8 o = [ B =)+ A+ (=04
n 7
,Uh,n-‘,-e _ evh,n+1 + (1 o 9),Uh,n‘

After subtraction of equations (8) (after their approximation in the vari-
able t) and (24) we obtain

hoto  hanto 1 _
ypﬁ/g - yi,q/g - [EB}%ZZ—FI — Z}QL) + HAn—I—IZ;LH_l + (1 — H)Anzﬁ ; +

O(h® + hr? + h(1 — 20)7). (25)
If, for x = Lo, By # 0 and/or, for x = L1, 1 # 0, then at any time step for
i = 0 and/or ¢ = I + 1 the boundary grid fluxes are defined by equations

(16) and/or (17), and the corresponding flux errors are defined by similar
equations.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then the fol-
lowing estimates for the flux error are valid:

Hyh,n—&—e” _ 0(7'2 + h2), for 6 = 1/2,
= O(r +h?), for1/2<6<1.
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The proof of these results follows from the recurrent relation, obtained
from (25) and (19):

h,n+0 h,n+0 1 n 1 n
yi+1J/r2 = yi—172 — 0(Ant1 + Crp1)zp 4+ (1= 0)(An + Cp)2p)i +

O(h® + h7? + h(1 — 0)7).

Remark. If for x = Ly and/or = L; the Dirichlet boundary condition is
given, then it can be stated from system (20) that 2} and/or 2} has the order
O(h3 + h27% + h2(1 — 27)7) for all n, see [3]. In such a case, the estimates
Yl = O(h? + hr? + h(1 — 27)7) and/or Yls1/o = O(h%? + hr? + h(1 —27)7)
can be obtained with the help of equation (9).

3. Numerical experiments

In this section, we consider the results of numerical experiments for the two
problems. The first one presents the nonlinear Burger equation

ou ou 0%u

5 9 = a2 0 =const >0, O0<z<l,
x x

which has an analytical solution
1
u(z,t) = 5[1 — tanh 5(3: — 5t)] . (26)

This problem was solved by the Crank—Nicolson scheme under the Dirich-
let boundary conditions and the initial value, defined by formula (26), at
the time interval 0 <t < T = 1.28. In Tables 1, 2 we give the values of the
errors of solution

A, = max |u(x;, T) — uh(xl-, T)l,
1
and the errors of the fluxes

A, = max [0(%41/2,T) — Uh(ffi+1/2a ),

obtained on different uniform grids with the meshsteps 7 and h = 1/(1 +1).

An analysis of these data demonstrates sufficiently well the second order
of accuracy in terms of h and 7 both (it is evident for the small time steps
and small space steps, respectively). In this experiments about 5 nonlinear
iterations provide a high accuracy (=~ 107?) at each time step.
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Table 1. Grid solution error for Burger equation

1 T =0.04 7 =0.02 7=0.01 7 =0.005

8 | 4.76-107° | 4.57-107° | 4.52-107° | 4.51-107°

16 | 1.37-107° | 1.18-107°% | 1.13-107° | 1.12-107°
32| 5.29-107% | 3.43-107°% | 2.96-107% | 2.80-10°¢
64 | 3.19-107% | 1.32-107% | 857-10"7 | 7.40-1077
128 | 2.66-107°% | 7.98-10"7 | 3.31-1077 | 2.14-1077
256 | 2.53-107° | 6.67-10"7 | 2.00-1077 | 8.28-1078
512 | 2.51-107% | 6.35-1077 | 1.67-10"7 | 5.00-1078
1024 | 2.50-107°% | 6.26-107 | 1.58-1077 | 4.17-1078

Table 2. Grid flux error for Burger equation

1 T =0.04 7 =0.02 7=0.01 7 =0.005

8| 346-107* | 337-107* | 3.34-107* | 3.34-107*

16 | 9.80-107° | 8.80-107° | 8.55-107° | 8.49-107°
32| 351-107° | 247-107° | 2.21-107° | 2.15-107°
64 | 1.93-107° | 8.86-107° | 6.23-107% | 5.56-10°
128 | 1.54-107° | 4.88-107% | 2.22-107°% | 1.56-107°
256 | 1.45-107° | 3.89-107% | 1.22-107% | 5.57-1077
512 | 1.43-107° | 3.64-107% | 9.75-107" | 3.07-107"7
1024 | 1.42-107° | 3.58-107° | 9.13-1077 | 2.44-1077

The second problem in question is a linearized filtration equation [4]:

ou  0%u  Ou
_—= —— — — <
5 = 922 ax—Ff(:lc), 0<t<T < o0,

Ulg=0 = U0, Ulpg=1 = Ur41,

where the initial data, boundary values, and the function f(x) are defined
from the chosen exact solution u(z,t) = t%”.

For this model problem, the Crank—Nicolson scheme provides an exact
numerical solution (A, = A, = 0) on any uniform grid. This phenomenon
can be simply explained: for given solution the flux v is constant and trun-
cation error is zero for the proposed approximations.
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