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On one problem for the statics equations
of elastic-deformed porous media
in a half-plane*

E. Grachev, N. Zhabborov, Kh. Imomnazarov

One of the possible statements of a boundary value problem for a system of
equations of porots media is considered. The Carleman formula for the solution of
this problem is obtained.

1. Introduction

In [1], A.P. Soldatov has shown that the representation by A.V. Bitsadze
(2] for the solutions of elliptic systems of second order with the constant
coefficients

Abpzw(z,y) + BOryw(z,y) + Coyw(z,y) =0,
can be written down in the form

w(z,y) =ReOu(z), z==zx+iy.
Here 8, = 3-%, w = (wi,...,w,); © and A are matrices expressed through
coefficients of the system under study, u(z) is A-analytic function (3]:

Definition 1. A function vector u(z) € C*(Q, X) is called A-analytic in
QccCif

Ozu(z) — AB,u(z) =0, z€eq.

Here C*(Q,X) is a class of the functions determined in the area (2, with
values in the Banach space X and k-time strongly continuously differentiated
in 2, X is a Hilbert space which is the complexification of a real Hilbert
space X': X = X'@4X'.

In [4, 5], the solutions of the Cauchy problem for a system of equations of
the elasticity theory in a half-plane with the help of the Carleman functions
were obtained.
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In the given paper, one of the possible statements of the direct problem
for a system of equations of elastic-deformed porous media in the half-plane
Il ={z € C|Imz > 0} is proposed. The formula of the solution of this
problem is obtained, using the method of applications of a solution of the
Cauchy problem for the Laplace equation and the system of equations of
the elasticity theory in a half-plane proposed in [5-7].

2. Statement of the problem

Let us consider a problem of the Cauchy type for the Dorovsky system of
equations in the half-plane II: it is required to find the vector of displacement
of an elastic porous body U € C3(IT; R?) N C*(II; R?) and the pore pressure
P € C%(I1) N C*(II) from the following expressions [8, 9]:

K
AU + (A + p +ap} - 2K‘%)VdivU~pg(; —p_,a)VdivV =0, (1)
K . .
(F — psa)levU —paVdivV =0, (2)
Ulpm = Up(z), Ts(U,V)|m = Ui(z), %P|M = Py(z). (3)

In formulas (1)-(3): V is the vector of displacement of fluid with the partial
density p;, M = (t1,t3) C OII, X\, 4, @ = poas + K/p? are the constants
from the equation of state [10], K = A + 2u/3, p = ps + p1, ps is the partial
density of an elastic porous body, Tp(U, V) = (T1s(U, V), T25(U,V)),

oU; BUl) n (BUl 8U2)
- 2

TGy dy Oz

To(U,V) = 2;1,(111 5% By

(A + pPa— —&K) nydivU — %(K — ppsa)ny divV,

aU- oU. oUu, oU.
T26(U,V) = 2#(“13—2+‘n2 3;) + ‘nl( - 2)

Oy Oz
2
(,\ + pfa - %K)ng divU — %(K — ppsa)nadivV,

n = (n1,ny) is a unit vector exterior to dII-normal.

3. The formula of the solution

Let us exclude divV from (1), using the pore pressure definition (P =
(K —apps) divU —app; div V'). After a simple transformation we will obtain
the Cauchy problem for the system of equations of the ela.st1c1ty theory with
respect to U:
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pAU + (A + p)VdivU = 0. (4)
UIM = Uo(ﬂ:), TaUIM = f]l(:c) (5)

where

- (A + 2u)ny png \ 8 N CC Ang A
Ang  -pny ) Oz pny (A +2p)ng ) 3y’
s K —rpsa . T =
Ulj(m) = Ulj(x) = n’j——?'&'pa_PO(m)a ] = 1a2) A=A- (pZa) 1K2'

8

Definition 2 [5]. We say that a function vector u(z) : I — X belongs to
the Hardy class H(II; X), 1 < p < o0, if it is A-analytic in IT and there
exists a constant ¢ < oo, such that for each y > 0 we have

[ e+ i)l do < c.

Let us suppose that U(z,0), ffoo(f’aU)(t, 0)dt € Ly(0I; R?), 1 <p <
00. According to [5], the solution to the Cauchy problem (4), (5) is written
down in the form:

Ue,y)=ReOu(z), 0=( " 50 ),

where k = (A + 3p)/(A + 1), i = —1, and u(2) is a function of the Hardy

class HY (IT; R?) with the matrix A = ( (1,) accepting the values U|py =

f=g+ zh on the set M, where the functions g and h are defined from the
expressions

Re®(g +ih)(t) = U(t), Re®'(g+ih)(t) = / 1(+) dr,

1 __ 1 2“‘k
@‘(i —ik )

Values of the function u(z), z = z + iy € II, are found by the Carleman
type formula [5]:

-n z T 2
u(z) = /tz e~ (8(2)—¢(7)) —np(z) + 2%2_1'%@ f(r)dr
Fis n—)OO t1 0 1 ,

m—7'2+y

|2 —ta] __2 -
#e) = 2 (p+im =), ) = 0P sng,
_ _ T—1 2 — T
ﬁ - ﬁl +,32a .31 = al:Ctg,lz — tll, ﬂ2 Ctg IZ —t2|
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It is necessary to determine the pore pressure P(z,y). Applying to both
parts of equation (2) the operator div and in view of the third proportion
from (3), we obtain the Cauchy problem for the Laplace equation with
respect to the pore pressure P:

AP =0, P|y= —Pg(x 6P[

(6)
The solution to the Cauchy problem (6) is sought for in the form [6, 7]:

P(z,y) = Re P(2),
hmf Py(r )[ tZ)(Zth)]% dr )

wpgz n—oo —t)(z—1t)] T—2

P(z) =

References

[1] Soldatov A.P. The One-Dimensional Singular Operators and Boundary Value
Problems of a Function Theory. - Moscow: Vyshaya shkola, 1991 (in Russian).

(2] Bitsadze A.V. Some Classes of Partial Differential Equations. — Moscow:
Nauka, 1981 (in Russian).

[3] Arbuzov E.V., Bukhgeim A.L. Carleman’s formulas for A-analytic functions in
a half-plane // J. Inv. Ill-Posed Problems. — 1997. — Vol. 5, N 6. — P. 491-505.

[4] Nijozov LE. The Cauchy problem for the elasticity theory system on the
plane // Uzbek Mathematical Journal. — 1996. — Nz 1. — P. 44-51 (in Rus-
sian).

(5] Arbuzov E.V. The Carleman formulas for A-analytic and A-harmonic function:
Candidate’s thesis. — Novosibirsk: NSU, 1997.

[6] Lavrentiev M.M. On Some Ill-Posed Problems of Mathematical Physics. —
Novosibirsk: Publishing House SB AN USSR, 1962 (in Russian).

[7] Aizenberg L.A. The Carleman Formulas in Complex Analysis. - Novosibirsk:
Nauka, 1990 (in Russian).

[8] Blokhin A.M., Dorovsky V.N. Mathematical Modelling in the Theory of Mul-
tivelocity Continuum. — Nova Science Publishers, Inc., 1995.

[9] Imomnazarov Kh. Kh. Concentrated force in a porous half-space // NCC Bul-
letin. Series Math. Model. in Geoph. — Novosibirsk: NCC Publisher, 1998. —
Issue 4. - P. 75-77.

[10] Dorovsky V.N., Perepechko Yu.V., Romensky E.I. Wave processes in satu-
rated porous elastically deformed media // Combustion, Explosion and Shock
Waves. — 1993. — Vol. 29, Nz 1. - P. 93-103.



