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Mean value theorem for a system of differential
equations for the stress tensor and pore pressure*

N.M. Zhabborov, Kh.Kh. Imomnazarov

Abstract. A system of second-order differential equations for the stress tensor and
pore pressure for the poroelasticity statics without mass forces and energy dissipa-
tion is obtained. The stress tensor is shown to be a biharmonic function. Integral
mean value relations in the explicit form for the obtained systems of differential
equations are found.

Introduction

It is well known that static simulation methods are used to solve multidi-
mensional boundary value problems at a small number of points, especially,
if the domain boundary shape is rather complex [1-3].

If a boundary value problem has stochastic parameters (for instance,
the equation coefficients or the right-hand sides are random), Monte Carlo
methods are an especially convenient tool to calculate both the average
characteristics of the solution and other static characteristics [4].

Such theorems were proved for many basic equations and systems of
equations (see [1-15]). In papers [16-18], systems of differential equations in
terms of displacements of particles of an elastic porous body and pore pres-
sure for stationary processes in the porous medium were obtained [19, 20].
Mean value relations for such systems of differential equations were also
established [16-18].

In the present paper, a system of differential equations in terms of
the stress tensor and pore pressure for stationary processes in the porous
medium is obtained. Mean value relations for the obtained system of differ-
ential equations are found.

1. Problem statement

Assume that a bounded domain Q C R3 is a porous medium filled with a
homogeneous isotropic saturated fluid. In the reversible case, the elastic-
porous static state of the medium €2 is described by the following system of
differential equations [16-18]:
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pAU + (A + p)VdivU =0, (1)
Ap =0, (2)

where U = (Uy, Us, Us) is the displacement vector of an elastic porous body
with the partial density ps, p is the pore pressure, A = \ — (p?a) K2,
K = XA+ 2u/3, A\, i, = pas + K/p? are the constants of the equation of
state [20-22], p = ps+ p;, and p; is the partial density of the fluid. In [16], a
formula was obtained relating the stress tensor with the deformation tensor
of an elastic-porous body and pore pressure:

Ok = 2€ik + Aok — Adikp, ik =1,2,3, (3)
1 3
Eik = §(Uz',k +Uki), €= Zann,
n=1
here §;;, is the K k bol _ v L1 K
where o0k 18 e ronecker sympol, Q}’k = 87%7 o = — a7p2

Solving system (3) with respect to the deformation tensor, we obtain
1 5 < A ) _
gk =—0;p———\|—a—ap|, i,k=1,23. 4
T 3+ 2u\2u @
2. System of differential equations for the stress tensor and
pore pressure
Substituting (3) into the consistency condition of the deformation tensor
Eijkk + Ekkyij = Eikkj + Ekjik, 4 J,k=1,2,3,

we obtain the following system of second order differential equations for the
stress tensor and pore pressure:

1 Te o T L . .
Tij ik + Okk,ij — T2 |:)\5ij0,kk + A0k0ij — 2UG0i5D kk — QHaékkp,ij:|
1
1 Te - Te o . .
= Oikkj T Okjik — YT [)\5ik0,kj + AOjO ik — 2HG08D kj — 2Ma5kjp,ik] .
1

Let us perform summation over k:
1 N < . .

Aoij+ 045 — m [)x(?ijA& +3X0 ;j — 2ucdi Ap — Guap,ij]

2

3
= Tikkj T Okjik) — v
Z( tRyR] ]»l) 3>\+2M

|:5‘0-,’ij - 2M&p,lj:| ) 27] = ]-7 27 3. (5)
k=1

From equation (1), with allowance for (3), for o;; we obtain the first order
equation
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3
> oiptapi =0, i=1,23. (6)
k=1

From (5), with harmonicity of the pore pressure p and the equilibrium equa-
tion (6), we obtain

2\ + 1) Aoij 3N+

, Gii— —2 NG =2 e 1,7=1,2,3. (7
3N + 2 D.ij J (7)

- : - P AL ol
Y 3N+ 2u 3\ + 24
Hence, at ¢ = j and summing over ¢ from 1 to 3, we obtain harmonicity of

the stress tensor trace o;i, that is,

Ac = 0. (8)
With allowance for this equality, relation (7) takes the following form:
Aoij + 05 =045, 1,5 =1,2,3, (9)
_204) o3

=— ;7 < :

3A+2u 3A+2p
Thus, the pore pressure and stress tensor satisfy the system of second order
differential equations (2) and (9). It follows from system (9) that the stress
tensor components are biharmonic functions. In fact, let the Laplace oper-

ator A act on both sides of equality (9), and, taking into account properties
(2) and (8), we obtain A%o;; = 0.

3. The mean value relation for system (2), (9)

Now, according to [9], we introduce N (u), which is the averaging operator
of the vector function w = (u1,us,...,u,)’ over the surface of a sphere
S(x, R) with respect to the uniform measure dS, that is,

N(u)= —— / u(z + ry) dS(y),

wprt—1

where wy, is the unit sphere area, and {s;}?_; are the direction cosines.
For the harmonic function p(z), € 2, the mean value relations [10]

- fS(O,R)de 1

p(0) = = — pds, (10)
Jsory @ ws Jsoy
—_ 2 NW)
p(0) = oz N p(a), (1)
are valid. Here NW)p(x) is the integral of P over the ball W(x, R) =
. . &*p . i
{]x — y| < R}. For the harmonic function o i,k = 1,2,3, we use

relation (11):
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8229(0) 3 LT

Orpdr;  4TR3 /W(O,R) Pk AT R3 /S(O,l)p R?

From now on, W; := W (0,t), S; := S(0,1t).
As shown in [10], the mean value relation is valid for a biharmonic func-
tion. Applying formula (2.5) from [10] to equation (6), we obtain

L |
0;:(0) = — | = o dW — ;i dS 12
0=l [ ewaw— [ o, (12)

From the equilibrium equation (6), we have

Jo

n

Oij dW = /W (O-ikmj),k dW — /W Oik,kTj dWw
n n

:773/ O'ik% dS+éz/ (pxj) i AW — Gdij pdw
S1

n n

—n3/ aik“"j;”’“ds+ozn3/ p22lds —asy; [ pdw.  (13)
S n s1 N

Wy
From (12) and (13), we obtain
3 T;Tk

07 (0 :5/ Oi——dS — ;i dS +
j() 2w3[ S1 g 772 S1 !

5@/ p d5—5‘§52--/ de}
s1 N n w,

n

Now we multiply both sides of this equality by n?*, integrate from 0 to R
and, with allowance for (11), obtain

R 3 TiXk
—0;;(0)==—1|5 kLo dS — i dS
5(7]() 2W3[ /Slak i *

s 54
5@/ pxzfj dS] — Mdijp(()). (14)
S

From the equilibrium equation (6), as in (13), we obtain

/ o dW = R5/ oLk S — 2/ oz AW +
Wgr S1 R Wr

&R’ / pELqs —asy; [ nPpdW — 24 / prix;dW.  (15)
S1 R Wgr Wgr

Let us multiply (9) by 1% and integrate with respect to the ball,
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0:/ 772[A0'1j—|—ﬁ5"ij—’}/p’¢j]dw

We

=¢? gj +6027_ K as —
¢ | Noong -0 =]

2/W< s + B0 g Jaw

_ 3 _ 1.CUJ _ xzx] .

— ¢ /Sl[aw—i—ﬁ Rl }ds
/ (30’@‘ + 661-]6 — 75z‘jp) aw. (16)
W

Here we make use of the fact that the surface integral is zero and the Gaus-
sian formula.
Assuming in (13) that ¢ = j = k, we obtain

/ akde:ng/ akﬁ”’fldﬂani”/ pdS—3d/ pdW.  (17)
Wy S1 n S1 W,

n

From (16) and (17), using simple transformations, we have

3/ OikTjT dW + 3@/ px;T g dW —
Wr Wgr

(‘3‘ + %)% / W'pdW + 36 | oz dW
Wgr Wgr

= / n?oi; dW + 3 ox;x; dW — -y piz; dW. (18)
Wr Wr Wr

It can be shown by direct calculations that ozpx; is a biharmonic function.
Using for it formula (12), we obtain

)
0= 3 / OkITET] dW — Okl ds. (19)
R WR Sl

From (18), with allowance for (15) and (19), we have

5/ ik TjTk dW = OxiTyj dW +
Wg

Wg
RS [ / o 3% qg B o E0L ds]
s, 7 57 Jsoa) | R?

(5ba + 7)/ prix; dW — ((34 + 1)5@ / npdW +
WR 3 WR

v 5 Lilj
—0;i dW + aR
3% Juy 7°p +a P2

ds (20)

The volume integral in (20) can be transformed as follows:
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/ Opkxix; AW = (OmTmaixy)  dW — Ok TRz AW —
Wr Wgr Wgr

/ OkiTKTj dW — OkjLET; dw

Wgr Wr

— R / o T 45 1 QR / p=ids —
S R s

Sd/ prix; dW — (Oritrrj + opjrra;) dW. (21)
WR WR

In the derivation of (21), we used the equilibrium equation (6).
From (20) and (21), after simple transformations, we obtain

5 o
/ oirxiry dW = l [ﬁ/ amw dsS + / Uzk%mk dS—
Wgr S S1

54243 R4 R?
B TR a(B+1) 5/ Ty
—(L-- —d d
5" "R? S 5+2B Srop P2 S+
~y 2, Tix; (5+3ﬂ)a+’y/
7(51-- aw — ——— i dW. 22

From (16) and (22), after simple transformations, we obtain the integral
mean value relations theorem for the stress tensor:

Theorem. For the system of differential equations (9), the following mean
value relations are valid:

05(0) = M(;’Hm [10(1 ) /S o T dS — 105, /S on eyt dS +
i (3 35 13, TV
m /WR priz; AW — %%‘p(o)- (23)

Thus, we have obtained integral mean value relations (7), (8), and (23)
for a system of poroelasticity equations. To determine the dilatancy zone, it
is necessary to have integral characteristics of the medium being considered.
In mathematical simulation, the averaging method—the mean value theorem
is used for this. The relations obtained for the stress tensor of a porous body
and pore pressure allow using dilatancy zones in problems of monitoring the
Earth’s crust technogenic processes and earthquake prediction [23].

Since in (23) & tends to zero, we obtain mean value relations for the
stress tensor components for the static equations of classical elasticity [10].
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