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On decomposability in logical calculi*

D. K. Ponomaryov

Abstract. In the paper, a natural class of logical calculi is fixed for which we
formulate the notion of a A—decomposable set of formulas. We demonstrate that
the property of uniqueness of signature decompositions holds in those calculi of this
class that have the Craig interpolation property. In conclusion, we give a sufficient
condition for the A—decomposability property to be decidable.

1. Introduction

In Computer Science, decomposition is a standard technique to reduce
complexity of problems. In Logic, the notion of decomposition appears
in numerous applications including the important field of reasoning over
theories. The main idea is to identify those fragments of a theory that
are necessary and sufficient for testing a given property, thus reducing the
search space and complexity of reasoning. There is a number of papers,
in which decomposition methods for logical theories are considered. We
can mention the syntactic graph-based approach to partitioning of theories
[1] proposed in the scope of new methods for automated theorem proving.
The entailment-based approaches to finding “independent parts” of theories
in modal and description logics [10, 2, 3] and the semantic approaches [9]
closely related to results on conservative extensions [7, 11] are extensively
applied in the study of terminological systems.

In presence of interpolation, a natural approach is to consider signature
partitions of theories. If a theory 7 is decomposed into a union of “self-
contained” signature-disjoint theories, then, given a formula ¢ in signature
o, the entailment of ¢ by 7 reduces to the entailment of ¢ by only those
decomposition components whose signatures have a non-empty intersection
with ¢. Which logical calculi allow for an algorithm to find signature decom-
positions for an arbitrary given set of formulas and when can this algorithm
be chosen as deterministic? What properties should a calculus satisfy for
every its set of formulas to have a unique signature decomposition? In this
paper, we give a partial answer to these questions. We formalize the concept
of signature decomposition via the general notion of A—decomposability and
study the property of uniqueness of signature decompositions. This prop-
erty guarantees that every theory has exactly one possible representation as
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a union of indecomposable theories. By specifying properties of the conse-
quence relation, we define a class of calculi satisfying the property of unique-
ness of signature decompositions and a class of calculi in which the problem
of finding non-trivial decompositions for an arbitrary given set of formulas
is decidable. Unsurprisingly, the considered notions are closely related to
important interpolation properties studied in logics: the Craig interpolation
property and uniform interpolation property. We try to formulate the ideas
related to signature decomposability in the most general form, that is why
the complexity issues as well as specific results proved for concrete calculi
are intentionally left out of the scope of the paper. The results in this paper
are directly transferred to the classical, intuitionistic logic, and a wide range
of modal logics.

2. Preliminaries

This work is a generalization of results in [13]. In that paper, the no-
tion of decomposable first-order theory was introduced and it was proved
that each first-order theory has a unique canonical decomposition. As only
syntactic properties of the first-order language were used in the proof, it
appeared possible to extend it to a rather wide class of logical calculi. Thus,
the proofs in this paper follow the ideas from [13] and extend the previous
results from the point of view of studying a more general A—decomposability
notion in a wide natural class of logical calculi.

All the claims in the paper are formulated with respect to a logical
calculus £ with the consequence relation -, satisfying properties defined
below. We distinguish two disjoint subsets of symbols in the language of
L — a set of logical and a set of non-logical symbols. For a formula ¢ in
the language of L, the signature of ¢ is the set of non-logical symbols that
occur in . We assume that the length of each formula of £ is finite. For
two sets of formulas I and A in £, the expression I' -z A means that T' -, ¢
for every formula ¢ € A (we say that the set A is entailed by I'). The sets
I' and A are equivalent (abbrev. I' ~z A), if I' -z A and A 2 I'. The
notation I', A -, ¢ traditionally means that T U A . .

We assume that the relation . satisfies the extensionality, transitivity,
compactness, adjunction, and tautology property. More precisely, for any
formula ¢ of £ and any two sets I' and A of formulas in £, the following
conditions are satisfied:

o if p e, then I' -, ¢ (ext.);
e '~ Aand AF o, then T' b, ¢ (trans.);

o if I' -, ¢, then there exists a finite A C I' such that A . ¢ (comp.);
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e for every finite set I of formulas in signature X, there exists a formula
¢ € L in signature > such that for every formula ¢ € L, we have
Pheyiff ¢ b2 ¢ (ad).);

e for each finite set 3 of signature symbols, there exists a formula ¢ such
that every symbol of ¥ occurs in ¢ and @ F, ¢ (taut.).

We suppose that for some logical symbol denoted here as <, for every set
of formulas I' and formulas ¢ and %), the calculus £ satisfies the deduction
property in the form:

Lopbptp =T ¢ i,

and the signatures of ¢ and ¢’ coincide.

Definition 1. The relation -, satisfies the Craig interpolation property, if
for each pair of formulas ¢ and 1) in signatures X, and Xy, with the property
@ 1 1, there exists a formula 0 in signature X, N Xy, such that ¢ =2 0 and
O+, .

The relation F, is said to satisfy the strongest consequence property, if
for every formula ¢ in signature X, and every subset ¥ C X, there exists a
formula 0 in signature X such that:

e ot 0;
e if v is a formula in signature X, C X and ¢ bz 1, then 0 1 1.

The formula 0 from the conditions above is called the strongest conse-
quence of ¢ in signature 3.

Definition 2. Let 7 be a set of formulas in signature ¥ and A C X be
its subsignature. We call T A-decomposable, if there exist non-empty sets
S1 and 5o of formulas in signatures Y1 and Yo such that X1 U Xg = X,
Y1NYXo=A, and T ~; S USs.

The pair (S1,S2) is called a A—decomposition of T and the sets Sy and Sy
are called A—decomposition components of T. We call a A—decomposition
trivial, if 3; = A for some i =1,2.

If A is the empty set, then we have a decomposition into components
with disjoint signatures. As the relation . satisfies the tautology property,
only non-trivial A—decompositions with X1 # A # X5 are of interest for con-
sideration. For instance, if the signature 3 consists of a single symbol, then
every set of formulas in this signature has only trivial A—decompositions.
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Definition 3. We say that the relation &, satisfies the property of unique-
ness of signature decompositions, if the following holds:

for every set of formulas T in signature ¥ and every subset A C X there
exists a unique partition I1 of the signature S\ A such that T ~p | J{Zr | 7 €
IT}, with every T a set of formulas in signature m U A, which is equivalent
to the set of all formulas in signature m U A entailed by T, and has only
trivial A—decompositions.

We further assume that in the case the partition II is empty, |J{7 | 7 €
IT} is equivalent to the set 7.

3. Basic results

Theorem 1. Assume that o satisfies the Craig interpolation property.
Then b, satisfies the property of uniqueness of signature decompositions.

Proof. We suppose that the interpolation property is satisfied and prove
three auxiliary lemmas.

Lemma 1. Let ¥y and Yy be sets of formulas in signatures X1 and Yo,
LU =%,31NY¥ =A, and ¢ be a formula in signature ¥,.

If U1, W9 b1, o, then there exist formulas 01 and 0y in signatures Y1 and
Yo such that W; Fp 0; (fori = 1,2), 01,02 Fr ¢ and each 0; for i = 1,2
contains only those symbols of ¥; \ A that occur in ¢.

Proof of the lemma. As Wq1,¥y Fr ¢, by the extensionality, compactness,
and adjunction properties of -, there exist formulas ¢; and 1, in signatures
31 and X such that ¥, . 9; for ¢ = 1,2 and 1,92 F2 . Then, by the
deduction property of £, we have 1 br 9 > ¢, and the signatures of 1}
and 19 coincide.

Note that ¢; and v, are formulas in signatures X1, ¥ with ¥, N ¥y C A
and ¢ is a formula in some signature XJ,. Thus, by the interpolation property,
there exists a formula #; in signature ¥; such that #; contains only those
symbols of X1 \ A that occur in ¢ and satisfies 1 bz 01 and 0 bz ¢ > .
Hence, ¢y 1 0] > ¢ and 6] is a formula in signature 31, 1 is a formula in
3.

Similarly, there exists a formula 5 in signature Yo such that 6 contains
only those symbols of Y5 \ A that occur in ¢ and satisfies ¥9 . 0 and
0y Fr 0] > . By applying the deduction property of £ again, we obtain
formulas 61 and 0y for which 61,0 F, . O

Based on Lemma 1, we now can introduce the following definition:
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Definition 4. Consider a set T of formulas in signature ¥ and a sub-
set A C X. Let ¢ be a formula and X, be its signature. We call ¢ A~
decomposable in T, if there exist formulas 61 and 0 in signatures X1 and
Yo such that X1 U X C X X1 NXy C A X1 NA #£ Xy, MaNA # Yo,
(21 U 22) \ A C Etpz T, 6; (fO’I“ 7;:1,2), and 601,02 -, .

We call 81 and 0y A—decomposition fragments for ¢ in T . If there are
no such formulas 61 and 02 for ¢, then we call ¢ A-indecomposable in T .

Remark 1. Let T be a set of formulas in signature ¥ and A C X be a
subsignature. Then, by Definition 4, each formula ¢ in signature X, C A is
A—indecomposable in T. In fact, from the condition (X1 UX2)\ A C X, we
have in this case that (X1 UX9)\ A = &; thus, 1UXs C A and ,NA =3
fori=1,2, while the latter contradicts the conditions from Definition 4.

Lemma 2. Consider a set T of formulas in signature 3 and a formula ¢
such that T+, @. For every subsignature A C 3 there exists a sequence of
formulas 01,...,0,, with each 0;, i = 1,..,n A—indecomposable in T, such
that T bp 0; fori=1,..,n and 61,...,0, . .

Proof of the lemma. Consider the set T3 = {¢}. Take the A—decomposition
fragments £ and v for ¢, if they exist in 7', and build the set T = {&,9}. By
repeating this transformation for the formulas of 75 and further resulting
sets, we obtain the sequence 11,715, T3,.... Each formula of £ is of finite
length, therefore, contains only finitely many signature symbols and can
be decomposed only finitely many times. Thus, for some k, the set T} =
{01, ...,0,} will contain only those formulas that are A-indecomposable in
T, and for which, by the transitivity property of ., we have 81, ...,60, Fr ¢.
O

Lemma 3. Let T be a set of formulas in signature 3, A C X, and S;
be equivalent to the set of all formulas in signature 31 C X entailed by T,
A C 3. Then 81 is a A—decomposition component of T if and only if the
following condition is satisfied:

(*) for every formula ¢, if T tr ¢, ¥, C X is the signature of ¢,
Yo N (B1\ A) # 3, and ¢ is A~indecomposable in T, then ¥, C X.

Proof of the lemma.

=: Let (51, S2) be a A—decomposition of 7', where Sz is a set of formulas
in signature X9 = AU(X\X1). Let ¢ be a formula such that 7 -, ¢, £, C X
is the signature of ¢, ¥, N (X1 \ A) # &, ¢ is A-indecomposable in T, but
Yo  ¥1. Then ¥, N (X2 \ A) # @ and, by Lemma 1, from S1,S2 bz ¢ we
obtain that ¢ is A—decomposable in 7; contradiction.

<: Let Sy be a set of all formulas in signature 39 = AU(X\ X;) entailed
by 7. By the tautology property of -, this set is non-empty. We may
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also assume that each symbol of A occurs in the formulas of Sy (as well
as in the formulas of Sj). Let ¢ be a formula in signature X entailed by
7. Then, by Lemma 2, there exists a sequence of formulas 64, ..., 60,, with
each 0;, i = 1,..,n A-indecomposable in 7, such that 6+,...,60, o .
According to Definition 4, the premise of the condition (x) is then satisfied
for every 0;, ¢ = 1, ..,n and an appropriate set of formulas §;, 7 = 1,2. Thus,
the signature of each #; is contained either in ¥, or in 5. Hence, by the
definition of Sj, j = 1,2, we have $1USs F {61,...,60,} and, by transitivity
of -, we obtain &1 U s 2 9. As 9 is an arbitrary formula entailed by 7,
we conclude that 7 ~, & US, and (S1,S2) is a A—decomposition of 7. [

We are now ready to complete the proof of Theorem 1. Let 7 be a set
of formulas in signature ¥ and A C ¥ be a subsignature. Consider the set
of all subsets of 3 that contain A; denote this set by 2. By the tautology
property of k., for each 31 € Q there is a corresponding non-empty set of
formulas in signature ¥; entailed by 7. It follows from Lemma 3 that a
subset X1 € Q corresponds to a A—decomposition component of 7, which
has only trivial A-decompositions, iff 3, satisfies () and does not have a
proper subset satisfying (x). Note that the collection of sets from € with the
property (x) is closed under intersection; thus, each symbol of ¥ is contained
in one minimal set from 2 satisfying (*), and the intersection of these sets is

A. Thus, the property of uniqueness of signature decompositions is proved.
O

The following fact follows immediately from the proof of Theorem 1:

Corollary 1. Let -, satisfy the Craig interpolation property, T be a set
of formulas in signature ¥, and A C X. Consider the set Q of all A-
decomposition components of T with the relation <C Q x € defined as fol-
lows: for every S € Q andU € ), we have S < U iff S is a A—decomposition
component of U.

Then (2, <) is a boolean algebra with the infimum equal to the set of all

formulas in signature A entailed by T and the supremum equal to the set of
all formulas of T .

Let us introduce the following auxiliary definition:

Definition 5. Let 7 be a set of formulas in signature > and A C 3. We
call the union of sets | {7 | m € 11}, equivalent to T, the canonical A-
decomposition for T, if 11 is a partition of the signature ¥\ A and every
T is a set of formulas in signature m U A, which is equivalent to the set
of all formulas in signature m U A entailed by T and has only trivial A-
decompositions.
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We now describe for F, more precisely the connection between the in-
terpolation property and the property of uniqueness of signature decompo-
sitions.

Proposition 1. The relation by satisfies the Craig interpolation property
if and only if b, satisfies the property of uniqueness of signature decompo-
sitions and the following additional property:

(**) Let T and T’ be two equivalent sets of formulas in signatures > and
¥ D %, respectively, A C 3, and the set |J{T | m € 11} be the canonical
A—decomposition for T. Then the set U{7T, | m € II} | JU{Z: | e € T} is the
canonical A—decomposition for T', where Y can be chosen as the partition
of the signature X'\ X into one-element subsets and every Tz can be chosen
equivalent to the set of all formulas in signature A entailed by 7T .

Proof.

=: According to Theorem 1, it suffices to prove that the interpolation
property yields (xx). Let 7 and 7’ be equivalent sets of formulas in signa-
tures ¥ and X' D ¥, respectively, and A C Y. By Theorem 1, there exists
the canonical A-decomposition | J{7; | 7 € II} for 7, where II is a partition
of the signature X\ A.

Let P be the set of all formulas in signature (X'\ X) U A entailed by
7T'. Consider the union [J{P: | ¢ € T}, where T is the partition of the
signature ¥’ \ ¥ into one-element subsets and every P is a set of formulas
in signature £ U A equivalent to the set of all formulas in € U A entailed by
7. We have P b2 |J{P- | € € T}. On the other hand, for each formula ¢ in
signature (X' \ X)UA, if 7/ F, ¢, then, by the interpolation property, there
exists a formula 6 in signature A such that 7 F, 6 and 6 . . Therefore,
P~ U{P:- | € € T} and each P is equivalent to the set of all formulas in
signature A entailed by 7.

We obtain that U{7; | 7 € II}|JU{P: | € € T} is the canonical A-
decomposition for 77 satisfying the conditions from ().

<: Let ¢ and v be formulas in signatures ¥, and X, such that ¢ F 9.
Denote T = {¢}, T = {p, ¢}, A =X, N Ey; then T ~p T,

Let U{7; | m € II} be the canonical A-decomposition for 7. Then, by
the (sx) property, the union U{7; | m € IT} |y U{Z: | € € T} is the canonical
A-decomposition for 7', where T is the partition of X, \ A into one-element
subsets and every 7; is equivalent to the set of all formulas in signature A
entailed by 7.

Consider the set P of all formulas in signature X, entailed by ¢. Let
U{P» | X € A} be the canonical A-decomposition for P, where A is a
partition of the signature ¥, \ A. Then U{7, | m € IT} |J U{Px | A € A} is
the canonical A-decomposition for 7”’. Besides, U{Py | A € A} b, P and,
by the transitivity property of b, we have U{Py | A € A} . 1.
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Thus, we have two canonical A—decompositions for 7’. By the property
of uniqueness of signature decompositions, we conclude that the partitions
T and A of the signature ¥y \ A coincide, hence, by the definition of the
canonical A-decomposition, we have U{7; | ¢ € T} ~z U{P\ | A € A};
thus, U{7: | ¢ € T} b, 1. By (xx), each 7¢ can be chosen equivalent to the
set of all formulas in signature A entailed by 7. Hence, by the transitivity,
compactness, extensionality, and adjunction properties of ., we obtain a
formula 6 in signature A such that ¢ kg 6 and 0 -, . [

Definition 6. The A—decomposability property is said to be decidable in a
calculus L, if there exists an effective procedure to decide for every finite set
T of formulas in a finite signature ¥ and any given subsignature A C 3,
whether T has a non-trivial A—decomposition.

Note that in the case the relation . is decidable and satisfies the exten-
sionality and compactness properties and for a given finite set 7 of formulas
in finite signature ¥ and a subsignature A C ¥ it is known that 7 has a
non-trivial A—-decomposition, then one can effectively build finite sets Sy
and Sy of formulas such that (S7,S2) is a non-trivial A—decomposition of 7.

Proposition 2. The A-decomposability property is decidable in a calculus
L, if the corresponding relation -, satisfies the extensionality, transitivity,
and adjunction properties and meets the following additional conditions:

e -, is decidable;
o b, satisfies the strongest consequence property;

o there exists an effective procedure to find the strongest consequence for
every formula ¢ € L in signature ¥ and every subset ¥/ C X.

Proof. Let 7 be a finite set of formulas in a finite signature . Then, by
the extensionality and adjunction properties, the set 7 is equivalent in £ to
some formula ¢ in signature X.

Suppose that for some A C X, the set 7 is A—decomposable with the
components & and Sy in signatures i and Yo. Let 6; and 65 be the
strongest consequences of ¢ in signatures 1 and s, respectively. Then
{60;} Fr S; for i = 1,2 and, by the transitivity property of ., we have
{01,02} = T. As T b, 6;, i = 1,2, we obtain that 7 is A-decomposable
with the components {6} and {03}.

Thus, 7 has a non-trivial A-decomposition iff {¢} ~, {61,062}, where
0, and 0, are the strongest consequences of ¢ in some signatures ¥; and 39
satisfying X1 U Yo = 3, X1 N Yy = A, and X1 # A # Y. As the relation
F, is computable and there exists an effective procedure to find strongest
consequences, we obtain the decidability of the A—decomposability property
in £. O
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4. Summary

Note that the restrictions formulated for b, in Section 2 are rather stan-
dard and satisfied in many calculi, including a wide class of modal logics.
The Craig interpolation property is one of the most important properties
when studying logics and there is a significant number of calculi known to
have it. Due to Theorem 1 and the restrictions on ., we can state that
the property of uniqueness of signature decompositions is usually satisfied
in those calculi for which the interpolation property is proved. Without
going into details, we refer the reader to the paper [12] and monograph [5]
containing a summary of results on interpolation.

JFrom the decidability point of view, even more important for the A—
decomposability property is uniform interpolation property, which is also
well-studied in modal [14, 6, 4] and description [8] logics. It yields Craig in-
terpolation and generalizes the strongest consequence property formulated
in Section 2. The use of uniform interpolation in building algorithms is
somewhat restricted due to unacceptable computational bounds proved for
this property in various calculi. Nevertheless, in many cases, studying uni-
form interpolation allows to quickly answer a number of questions related
to the A—decomposability property. Due to Theorem 1, Proposition 2 and
the restrictions on F, defined in Section 2, the majority of calculi known to
have uniform interpolation also satisfies the property of uniqueness of sig-
nature decompositions and has the decidable A—decomposability property.
The examples of these calculi are intuitionistic logic, modal logics Grz, GL,
S5, K and the modal p-calculus.
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